Abstract. Three general molecular descriptors, namely the general sum-connectivity index, general Platt index and ordinary generalized geometric-arithmetic index, are studied here. Best possible bounds for the aforementioned descriptors of arbitrary saturated hydrocarbons are derived. These bounds are expressed in terms of number of carbon atoms and number of carbon-carbon bonds of the considered hydrocarbons.
Introduction
Molecules can be represented by graphs (usually known as molecular graphs) in which vertices correspond to the atoms while edges represent the covalent bonds between atoms [21, 43] . All the graphs, considered in the present study, are hydrogen-depleted molecular graphs representing saturated hydrocarbons. According to Todeschini and Consonni [41] "molecular descriptor is the final result of a logical and mathematical procedure which transforms chemical information encoded within a symbolic representation of a molecule into an useful number or the result of some standardized experiment". A molecular descriptor calculated from a molecular graph is simply known as a topological index [21, 43] .
In the quantitative structure-property relationship studies, topological indices are often used to model the physicochemical properties of molecules [2, 34, 38, 39] .
The Platt index (P l), which was proposed for predicting paraffin properties [35] , is one of the oldest topological indices. This index is defined as:
where uv is the edge connecting the vertices u, v of the (molecular) graph G, E(G) is the edge set of G, and d u is the degree of the vertex u. It should be mentioned here that the Platt index can be written as
where m is the number of edges in the graph G and M 1 is the first Zagreb index, appeared in 1972 within the study of total π-electron energy of alternant hydrocarbons [22] . The first Zagreb index can be defined [16] as:
Mathematical properties related to the first Zagreb index (and hence related to the Platt index) can be found in the recent surveys [7, 11, 12] and related references listed therein.
The connectivity index (also known as branching index and Randić index) [37] is one of the most studied and applied topological indices, which was proposed in 1975 for measuring the extent of branching of the carbon-atom skeleton of saturated hydrocarbons.
The connectivity index for a graph G is defined as
Details about the chemical applicability and mathematical properties of this index can be found in the survey [27] , recent papers [6, 14, 15, 19, 26, 32] and related references listed therein.
Several modified versions of the connectivity index were appeared in literature. One of such modified versions is the sum-connectivity index, defined as:
which was proposed in 2009, by Zhou and Trinajstić [47] . After that, Zhou and Trinajstić [48] introduced the following generalization of the sum-connectivity index and first Zagreb index:
where α is a non-zero real number. Chemical applicability of the sum-connectivity index was in [29] [30] [31] 45] . We recall that χ 2 is the hyper-Zagreb index [40] and
where H is the harmonic index [18] . The general sum-connectivity index has attracted a considerable attention from researchers, see (for example) the recent survey [8] , recent papers [1, 3-5, 9, 13, 25, 36, 42, 46, 49] and related references listed therein.
Recently, the general Platt index (P l α ) was proposed in [4] , which is defined as:
where α is a non-zero real number. We recall that P l 2 coincides with the reformulated first Zagreb index EM 1 , introduced in [33] . The ordinary generalized geometric-arithmetic index for a molecular graph G is defined [17] as
where k is any positive real number.
A graph with n vertices and m edges is known as an (n, m)-graph. A graph in which every vertex has degree at most 4 is called a molecular graph. Undefined notations and terminologies from (chemical) graph theory can be found in [10, 21, 23, 43] .
The main purpose of the present paper is to derive the sharp lower bounds (for −1 ≤ α < 0 and for 0 < k ≤ 1) and sharp upper bounds (for 0 < α ≤ 2) on the topological indices χ α , P l α and OGA k for molecular (n, m)-graphs.
Main Results
Let n i (G) (or simply n i ) be the number of vertices of degree i in a graph G. Denote by x i,j (G) (or simply by x i,j ) the number of edges in a graph G connecting the vertices of degrees i and j. The general sum-connectivity index for any molecular (n, m)-graph G can be rewritten as:
Also, the following system of equations holds for any molecular (n, m)-graph G:
where j = 1, 2, 3, 4.
The following values of x 1,4 and x 4,4 can be obtained by solving the system of Eqs.
(3)-(5) (see also [20] ):
After substituting the values of x 1,4 and x 4,4 in Eq. (2), one has:
where
and Eq. (6) yields
From Figures 1 and 2 , it is clear that Θ 1,2 , Θ 1,3 , Θ 2,2 , Θ 2,3 , Θ 2,4 , Θ 3,3 and Θ 3,4 are all positive for −1 ≤ α < 0 and all negative for 0 < α ≤ 2, and hence from Eq. 
with either equality if and only if G contains no vertices of degrees 2 and 3.
The next result follows from the facts M 1 = χ 1 , χ = χ −1/2 , H = 2χ −1 and Theorem 1.
Corollary 1 If G is a molecular (n, m)-graph, n ≥ 5, then the following inequalities hold:
The equality in any of the above inequalities holds if and only if G does not contain vertices of degrees 2 and 3. Remark 1 In case of trees, one has m = n − 1 and hence the first (second, respectively) inequality of Corollary 1 generalizes the bound reported in [44] ( [28] , respectively) to any (n, m)-graph. The last inequality of Corollary 1 was derived also in [47] . Moreover, a sharp upper bound on the hyper Zagreb index χ 2 also follows from Theorem 1.
We note that the bounds given in Theorem 1 are sharp when m + n ≡ 0 (mod 3). Now, we improve the aforementioned bounds (given in Theorem 1) when m + n ≡ 1 (mod 3) and when m + n ≡ 2 (mod 3).
In what follows, we will take α = 1, because the problem of finding sharp upper bound of χ 1 for molecular (n, m)-graphs has already been solved in [24] (see also [44] for
The following lemma can be verified by Mathematica easily.
and Θ 3,4 , given in Eq. (6), satisfy the following inequalities:
(ii)
Lemma 2 If a molecular graph G satisfies the inequality n 2 + n 3 ≥ 2, then for the invariant Γ(G), defined in Eq. (7), it holds that
for 0 < α < 1,
Proof: First we consider when at least one of x 2,2 , x 2,3 , x 3,3 is positive.
If x 2,2 ≥ 1, then from Eq. (7) and verification by using Mathematica, we have
Suppose that x 2,3 ≥ 1. From Eq. (7) and Lemma 1 (i), it follows that
From Eq. (5) with j = 3, we have
Note that n 3 ≥ 1. So there are two cases need to be considered:
• x 2,3 = 1 or 2, and x 1,3 + x 3,3 + x 3,4 ≥ 1;
If x 2,3 = 1 or 2, and x 1,3 + x 3,3 + x 3,4 ≥ 1, then by (9) and Mathematica,
If x 2,3 ≥ 3, then by (9) and Mathematica,
Suppose that x 3,3 ≥ 1. From Eq. (7) and Lemma 1 (i), it follows that
Note that n 3 ≥ 2. So there are two cases need to be considered:
• x 3,3 = 1 or 2, and x 1,3 + x 2,3 + x 3,4 > 1;
If x 3,3 = 1 or 2, and x 1,3 + x 2,3 + x 3,4 > 1, then by (10) and Mathematica,
If x 3,3 ≥ 3, then by (10) and Mathematica,
In what follows, we assume that x 2,2 = x 2,3 = x 3,3 = 0. Then Eq. (7) becomes
And from Eq. (5), we know that x 1,2 + x 2,4 = 2n 2 and x 1,3 + x 3,4 = 3n 3 .
Now by using Lemma 1 (i) and (ii) in Eq. (11), we get
If n 2 ≥ 1 and n 3 ≥ 1, then by (12) and Mathematica, we get
If n 2 = 0 and n 3 ≥ 2 (note that n 2 + n 3 ≥ 2 from hypothesis), then by (12) and Mathematica, we get
If n 2 ≥ 2 and n 3 = 0 (note that n 2 + n 3 ≥ 2 from hypothesis), then by (12) and Mathematica, we get
In particular, we note that the inequality Γ(G) ≤ 4Θ 1,2 < 2Θ 1,3 + Θ 3,4 does not hold for α > 43 25 = 1.72. So we will prove the inequality Γ(G) < 2Θ 1,3 + Θ 3,4 , for 1 < α ≤ 2, by another stricter way.
In the remaining proof, we assume that n 2 ≥ 2, n 3 = 0, and 1 < α ≤ 2. From Eq.
(11), we get
Recall that 
The proof is completed.
Theorem 2 Let G be a molecular (n, m)-graph, where n − 1 ≤ m ≤ 2n and n ≥ 5.
(i) Suppose that m + n ≡ 0 (mod 3). Then
with either equality if and only if G contains no vertices of degrees 2 and 3 (i.e., n 2 = 0 and n 3 = 0).
(ii) Suppose that m + n ≡ 1 (mod 3). For −1 ≤ α < 0 and 0 < α < 1,
with either equality if and only if G contains no vertex of degree 2 and exactly one vertex of degree 3 (i.e., n 2 = 0 and n 3 = 1), which is adjacent to three vertices of degree 4 (i.e., x 1,3 = 0 and x 3,4 = 3). For 1 < α ≤ 2,
with equality if and only if G contains no vertex of degree 2 and exactly one vertex of degree 3 (i.e., n 2 = 0 and n 3 = 1), which is adjacent to two vertices of degree 1 and one vertex of degree 4 (i.e., x 1,3 = 2 and x 3,4 = 1).
(iii) Suppose that m + n ≡ 2 (mod 3). For −1 ≤ α < 0 and 0 < α < 1,
with either equality if and only if G contains no vertex of degree 3 and exactly one vertex of degree 2 (i.e., n 3 = 0 and n 2 = 1), which is adjacent to two vertices of degree 4 (i.e., x 1,2 = 0 and x 2,4 = 2). For 1 < α ≤ 2,
with equality if and only if G contains no vertex of degree 3 and exactly one vertex of degree 2 (i.e., n 3 = 0 and n 2 = 1), which is adjacent to one vertex of degree 1 and one vertex of degree 4 (i.e., x 1,2 = 1 and x 2,4 = 1).
Proof: From Eqs. (3) and (4), the following congruence (see also [20] ) follows:
Case 1. m + n ≡ 0 (mod 3).
The desired result follows from Theorem 1.
Case 2. m + n ≡ 1 (mod 3).
First suppose that n 2 + n 3 ≤ 1. From (14) , there is only one condition: n 2 = 0 and
and
From Lemma 1 (i), it follows that Θ 1,3 − Θ 3,4 > 0 for −1 ≤ α < 0 and 1 < α ≤ 2, < 0 for 0 < α < 1, which implies that
for 0 < α < 1, If n 2 + n 3 ≥ 2, then from Lemma 2 and Mathematica, it follows that
Now combining the conclusions of both cases and using Eq. (8), we get the desired result.
Case 3. m + n ≡ 2 (mod 3).
First suppose that n 2 + n 3 ≤ 1. From (14) , there is only one condition: n 2 = 1 and
From Lemma 1 (ii), it follows that Θ 1,2 − Θ 2,4 > 0 for −1 ≤ α < 0 and 1 < α ≤ 2, < 0 for 0 < α < 1, which implies that
The equality Γ(G) = 2Θ 2,4 , for −1 ≤ α < 0 and 0 < α < 1, holds if and only if the unique vertex of degree 2 is adjacent to two vertices of degree 4. The equality Γ(G) = Θ 1,2 + Θ 2,4 , for 1 < α ≤ 2, holds if and only if the unique vertex of degree 2 is adjacent to one vertex of degree 1 and one vertex of degree 4.
If n 2 + n 3 ≥ 2, then from Lemma 2 and Mathematica, we have
for −1 ≤ α < 0, < 2Θ 2, 4 for 0 < α < 1,
Again, after combining the conclusions of both cases and using Eq. (8), we get the required result.
Combining the above three cases, the result follows.
As illustrations of Theorem 2, we list some molecular (n, m)-graphs, in particular when m = n − 1, n, n + 1, whose χ α values attain the bounds established in Theorem 2, see Remark 2 In case of trees, it holds that m = n − 1 and hence Theorem 2 generalizes a result of [47] concerning sum-connectivity index χ −1/2 as well as a result of [28] concerning harmonic index 2χ −1 . Theorem 2 also gives the sharp upper bound of the hyper Zagreb index χ 2 for molecular (n, m)-graphs.
Similar to Eq. (6), we have the following equation concerning the general Platt index
It can be easily checked that Θ 1,3 , Θ 2,2 , Θ 2,3 , Θ 2,4 , Θ 3,3 and Θ 3,4 are all positive for −1 ≤ α < 0 and all negative for 0 < α ≤ 2. The case about Θ 1,2 is somewhat different. In
, there is a unique root of the equation Θ 1,2 = 0 on α, which is x 0 ≈ 1.8509.
More precisely, Θ 1,2 is positive for −1 ≤ α < 0 and x 0 < α ≤ 2, and negative for
It is clear that the inequality x 1,2 ≤ x 2,2 + x 2,3 + x 2,4 holds for every molecular graph with at least 5 vertices. Hence,
is non-negative for −1 ≤ α < 0 and non-positive for 0 < α ≤ 2, and therefore we have the next result.
with either equality if and only if G does not contain vertices of degrees 2 and 3.
Recall that x 0 ≈ 1.8509 is the unique root of the equation
By virtue of Mathematica, Lemma 1 remains true, if we replace Θ i,j with Θ i,j , with an exception that max{Θ 2,2 , Θ 2,3 , Θ 2,4 } < Θ 1,2 < 0 when x 0 ≤ α ≤ 2, which should be
Suppose that x 2,2 = x 2,3 = x 3,3 = 0. Recall that Θ 1,2 + Θ 2,4 < 0 when x 0 ≤ α ≤ 2. If n 2 ≥ 1 and n 3 ≥ 1, then it holds that x 2,4 ≥ x 1,2 and x 2,4 ≥ 1, hence
for x 0 ≤ α ≤ 2. If n 2 ≥ 2, n 3 = 0 and x 1,2 ≥ 2, then noting that x 2,4 ≥ x 1,2 , i.e., x 2,4 ≥ 2, which implies that
for x 0 ≤ α ≤ 2. For the remaining cases, proof of the following lemma is fully analogous to that of Lemma 2 and hence omitted:
Lemma 3 If a molecular graph G satisfies the inequality n 2 + n 3 ≥ 2, then for the invariant Γ (G), defined in Eq. (16), it holds that
The proof of the next result is fully analogous to that of Theorem 2 and hence omitted.
Theorem 4 Let G be a molecular (n, m)-graph, where n − 1 ≤ m ≤ 2n and n ≥ 5.
In Theorem 4, we considered all non-zero values of α between −1 and 2, except α = 1, because the sharp bounds of P l 1 for molecular (n, m)-graphs follows from the results concerning M 1 , established in [24] . Theorem 4 also gives sharp bounds on the reformulated first Zagreb index EM 1 for molecular (n, m)-graphs. Lemma 4 Let 0 < k ≤ 1 and G be a molecular graph satisfying the inequality n 2 +n 3 ≥ 2.
For the invariant Υ(G), defined in Eq. (18), it holds that Υ(G) > 3Φ 3,4 .
The proof of the following result is similar to that of Theorem 2 and hence omitted:
Theorem 5 Let G be a molecular (n, m)-graph, where n − 1 ≤ m ≤ 2n and n ≥ 5.
Suppose that 0 < k ≤ 1. with equality if and only if G contains no vertex of degree 3 and exactly one vertex of degree 2 (i.e., n 3 = 0 and n 2 = 1), which is adjacent to two vertices of degree 4 (i.e., x 1,2 = 0 and x 2,4 = 2).
